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Abstract
We show that the additional contribution to the Michael lattice energy sum rule
pointed out recently, can be identied with the contribution to the eld energy of a quark-
antiquark pair arising from the trace anomaly of the energy momentum tensor.
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Recently, there has been a renewed interest in the action and energy lattice Michael
sum rules [1], which relate the static qq potential in an SU(N) gauge theory to the action
and energy stored in the colour electric and magnetic elds, after it had been pointed
out in [2], that an important contribution to the action sum rule had not been taken into
account in [1]. Subsequently it was found [3] that also the energy sum rule obtained in
[1] is modied in an essential way by an additional contribution to the colour electric and
magnetic eld energy which, in the case of a conning qq-potential, accounts for half of
the energy in the ux tube matching the interquark potential. That the derivation of the
sum rule in [1] was incomplete has also been noticed in [4], where the authors however
speculate that the additional contribution is merely an artefact of an approximation. In
[3] we had not given a physical interpretation of the additional contribution appearing in
the modied energy sum rule. This note is intended to ll the gap. In particular we will
show that the additional term is nothing but the contribution to the eld energy coming
from the trace anomaly [5] of the energy momentum tensor. That the trace anomaly
plays an important role in constructing phenomenological hadron models, and accounts,
for example, for 1/4 of the nucleon mass, has been recently stressed in [6]. This paper has
been the trigger for the present note. In lattice perturbation theory the trace anomaly
has been computed in one loop order by Caracciolo, Menotti and Pelisetto [7]. Starting
from a traceless, non-conserved tree-level energy momentum tensor on the lattice, and
correcting it by imposing the Ward identities for its conservation, the authors show that
the corrected energy momentum tensor reproduces the correct anomaly in the continuum
limit. This anomaly must contribute to the eld energy [6] matching the qq-potential, and
should manifest itself in the lattice energy sum rule. This we now show.
Starting from the expression for the expectation value of the Wilson loop on an
anisotropic lattice with temporal lattice spacing a

and spatial lattice spacing a, and
requiring that for a ! 0, a

! 0, with  = a=a

xed, the potential be independent
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of the anisotropy parameter , we arrived in [3] at the following relation connecting the



























where a subtraction at some reference quark-antiquark separation is implied, in order to






stand for the time-like and space-
like plaquette contributions to the action with base on a xed time slice (taken to be the
x
4
= 0 plane), and < O >
qq 0



















  < O > : (2)












R is the separation of the quark-antiquark pair. Quantities measured in lattice units are
denoted with a "hat". The coecients 

are related as follows [3] to the - derivatives of
the couplings 

(a; ) and 
s









































the usual SU(N) gauge coupling on an
isotropic lattice. We have denoted it with a "hat", in order to avoid any confusion with
the -function. The correlators in (1) and (2) are calculated with the Wilson action on an
isotropic lattice. The physical qq-potential is given by











with the dependence of
^
(a) on the lattice spacing beeing determined by the usual renor-














Consider the second term appearing on the rhs of (1), which is the essential mod-
ication of the sum rule in [1], referred to above. The coecient 
+



















































is the lattice -function. Hence the contribution of the second term




































is the (dimensionless) lattice version of the (euclidean) continuum Lagrangian density






L in (6a) has presicely the
form of the trace anomaly computed in lattice perturbation theory in ref. [7], summed over
the spatial lattice sites on a xed time slice. Since the (euclidean) energy momentum tensor















where T denotes the (euclidean) trace of T

, we conclude that the second term appearing
on the rhs of (1) is the contribution to the eld energy of a qq-pair (determined by the space
integral of T
44
) arising from the trace anomaly. In the weak coupling limit, corresponding































denote square of the (euclidean) colour electric and magnetic elds. A




This is the lattice regularized version of the contribution of the trace anomaly to the
gluon eld energy [6], generalized to the presence of a quark-antiquark pair. For a ! 0,
the expression (7) is a nite, renormalization group invariant expression. By following a
similar line of arguments as in [2], it can be expressed in terms of a renormalized coupling
constant g, and renormalized squared colour electric and magnetic elds. The form of






is replaced by (g)=g, where
(g) = @g=@ is the continuum beta-function, with  the renormalization scale. The
corresponding anomalous contribution to the potential is thus given by 1/4 of the space
integral of the trace anomaly obtained in [5].
The contribution of the traceless part of the energy momentum tensor to the eld en-
ergy is expected to be given by the rst term in (1). This is consistent with the observation






 [8], and that for a ! 0, with R =
^
Ra
xed and the dependence of
^


























The quantity appearing within brackets is the usual expression for the colour electric and
magnetic eld energy in the absence of a trace anomaly, expressed in terms of the euclidean
elds.
Finally we remark that the lattice action sum rule obtained in [3,4] (derived in [2] in




























The rhs of this equation is just the trace of the energy momentum tensor summed over
the spatial lattice sites at xed (euclidean) time. This is similar to the observation made
by Michael [1], that the action sum rule for the lowest glueball mass relates this mass to




R, with ^ the string tension in lattice
5
units, the lhs of (9) is just twice the potential. Hence the contribution to the eld energy
in (1) arising from the trace anomaly is one-half of the interquark potential.
Concluding, we have seen that by extracting the qq-potential from the expectation
value of the Wilson loop on an anisotropic lattice, as described in [3], one is led in a
straight forward way to an energy sum rule, in which the contribution to the eld energy
arising from the traceless and trace parts of the energy momentum tensor can be readily
identied.
We are very grateful to T. Reisz and to O. Nachtmann for having called our attention
to ref. [7] and to the recent preprint of X. Ji, ref. [6].
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